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Supplement to The Collatz Conjecture 
By Anatoliy Nikolaychuk 
Abstract 
For the Collatz sequence, we construct the supplement sequence, which is relative to the original sequence.  This 
new method gives a way to find many properties of the sequence, and to prove convergence of the Collatz 
sequence for all natural numbers. 
1 .  Introduction.  
For any natural number N define the sequence 
1
1
,      
2
3 1,      
n n
n
n n
a if a is even
a
a if a is odd
+


= 
 +
 
Thus, for N=5 we have  0 1 2 3 5 65,  16,  8,  4,  1,  4a a a a a a= = = = = = , ...  and the sequence will repeat itself.  
The number  N  is convergent if corresponding sequence contains 1. 
For the natural number  ( )2 2 1    ( 0,1,2,3,...;   0,1,2,3,...)p k p k =  + = =  we define the index  ( )   by 
the following: 
( )
( )
( )
1.  1 0
3 1 1,      
2.  1
1,       
2
if is odd
if is even




=
 + + 

 =   
 +  
 
 
For example, if N=7, the corresponding sequence is 7, 22, 11, 34, 17, 52, 26, 13, 40, 20, 10, 5, 16, 8, 4, 2, 1.  
Therefore, ( )7 16 = , which is the number of steps number  7  goes to 1. 
2 .   The Supplement Sequences. 
For the original sequence corresponding to number N, we may write different supplement sequences, that are 
convergent together with the original sequence, and all such sequences have the same index. 
Example.  For the sequence corresponding to N = 26, we may construct another sequence by the rule: 
 1
1
         
2
3
+1      
2
n
n
n
n n
a
if a is odd
a
a if a is even
+
−

= 
 

 
and we received two "relative" sequences  
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2 3 1 2 2 2 3 1 2
3 3
1 1
1 2 1 2 1 22 2
26 13 40 20 10 5 16 8...
25 12 19 9 4 7...
  +     + 
 +  +
−  −  − 
⎯⎯→ ⎯⎯⎯→ ⎯⎯→ ⎯⎯→ ⎯⎯→ ⎯⎯⎯→ ⎯⎯→
⎯⎯⎯→ ⎯⎯⎯→⎯⎯→ ⎯⎯⎯→ ⎯⎯⎯→ ⎯⎯⎯→⎯⎯→
 
or we may construct other sequences 
3 3
1 1
2 1 2 1 2 1 2 1 2 12 2
3 3
2 2
3 2 3 2 3 2 3 2 3 22 2
24 11 18 8 3 6 2 0
23 10 17 7 2 5 1 1
+  + 
 −  −  −  −  −
 +  +
−  −  −  −  − 
⎯⎯⎯→ ⎯⎯⎯→⎯⎯→ ⎯⎯⎯→ ⎯⎯⎯→ ⎯⎯⎯→⎯⎯→ ⎯⎯⎯→ ⎯⎯⎯→
⎯⎯⎯→ ⎯⎯⎯→⎯⎯→ ⎯⎯⎯→ ⎯⎯⎯→ ⎯⎯⎯→⎯⎯→ ⎯⎯⎯→ ⎯⎯⎯→−
 
Reader may construct different supplement sequences, by finding appropriate rule, 
such that all those sequences are convergent with the same index.   
3 .  Basic Supplement Sequence. 
In this article we will consider the supplement sequence defined by the rule: 
1
1
      
2
3
      
2
n
n
n
n n
a
if a is odd
a
a if a is even
+
+

= 
 

 
Example:  For the number  26 the original and supplement sequences can be written 
2 3 1 2 2 2 3 1 2 2 2 2
3 3
1 2 1 2 1 2 1 2 1 2 1 22 2
26 13 40 20 10 5 16 8 4 2 1
27 14 21 11 6 9 5 3 2
  +     +    
 
+  +  +  +  +  + 
⎯⎯→ ⎯⎯⎯→ ⎯⎯→ ⎯⎯→ ⎯⎯→ ⎯⎯⎯→ ⎯⎯→ ⎯⎯→ ⎯⎯→ ⎯⎯→
⎯⎯⎯→ ⎯⎯→⎯⎯→ ⎯⎯⎯→ ⎯⎯⎯→ ⎯⎯→⎯⎯→ ⎯⎯⎯→ ⎯⎯⎯→ ⎯⎯⎯→
 
We see that numbers in the second raw exceed corresponding numbers in the first raw by one.  For the new 
supplement sequence we define the operations:  
( )
1
     
2
n
n n
a
A a if a is odd
+
=  ( )
3
       
2
n n nand B a a if a is even=  ,  
and the inverse operations  ( ) ( )1 1
2
2 1,   
3
n n n nA a a B a a
− −=  − =   . 
Theorem 3.1  If the natural number  N converges to 1 with index  (the number of steps in the original 
sequence), then corresponding supplement sequence for the number N+1 converges to 2 with the same index, 
where operation A is equivalent to one step, and operation B is equivalent to two steps.  Numbers in supplement 
sequence exceed corresponding numbers in original sequence exactly by 1. 
Proof.  a)  If na  is odd, then in the original sequence 
3 1 2 3 13 1
2
n
n n
a
a a + 
+
⎯⎯⎯→  + ⎯⎯→ . 
For the supplement sequence, 1na +  is even, and 
( )1 3 3 1
1 1
2 2
nB n
n
a a
a
+   +
+ ⎯⎯→ = + . 
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b)  If na  is even, then in the original sequence  
2
2
n
n
a
a ⎯⎯→ ,  and in the corresponding supplement sequence  
1 1
1 1
2 2
A n n
n
a a
a
+ +
+ ⎯⎯→ = + . 
Corollary.  The operation A reduces index of a number by 1, and the operation B  
reduces index by 2, whereas inverse operations  
1A−  and  
1B−  increase index by 1 and 
by 2 correspondingly. 
Theorem 3.2.  For the even number N = 4k+2 (k=0, 1, 2, 3,...)  ( ) ( )4 2 3 2 3k k + = + + . 
Proof.  4 2 6 3 3 2B Ak k k+ ⎯⎯→ + ⎯⎯→ + , and both operations reduce index totally by 3. 
Corollary.  From Theorem 3.2 we see that even number 4k+2 is possible to reduce to  
smaller number 3k+2.  Any odd number can be reduced in one step using operation A.  
Therefore, to prove that any natural number converges, it is enough to show this only  
for numbers which are divisible by 4. 
4 .  Consecutive triples with equal indexes. 
Proposition 4.1.  If  k is odd, 3k  , then ( ) ( )4 2 4 1k k + = + . 
Proof.  
3 3
4 2 6 3 3 2
2
B A A kk k k
+
+ ⎯⎯→ + ⎯⎯→ + ⎯⎯→  , and     
               
3 3
4 1 2 1 1
2
A A B kk k k
+
+ ⎯⎯→ + ⎯⎯→ + ⎯⎯→ .   
We see that the last entries are the same after 4 steps. 
Here are some examples of the pair of numbers with equal indexes: 
    k=odd       3       5  ...      21  ... 
    4k+1      13     21       85  
    4k+2      14     22       86  
 
Proposition 4.2.  For any natural number N and 0,1,2,3,...k =    
( ) ( ) ( )3 32 5 3 32 6 3 32 7k k k     + =    + =    + . 
Proof.  We see the first equality from the following 
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3 32 5 3 16 3 3 8 2 3 12 3A A Bk k k k  + ⎯⎯→  + ⎯⎯→  + ⎯⎯→  + , and 
3 32 6 3 48 9 3 24 5 3 12 3B A Ak k k k  + ⎯⎯→  + ⎯⎯→  + ⎯⎯→  + . 
The last entries are the same after 4 steps.  We may also recognize that the first  
equality is true because ( ) ( )3 32 5 4 3 8 1 1 4  1k k odd number   + =     + + =  + , and   
( )3 32 6 4  2k odd number  + =  + ,  and conclusion follows from Proposition 4.1.   
The second equality we may see from 
3 32 6 3 48 9 3 24 5 3 12 3 3 6 2
3 9 3
B A A Ak k k k k
B k
   + ⎯⎯→  + ⎯⎯→  + ⎯⎯→  + ⎯⎯→  +
⎯⎯→  +
 
3 32 7 3 16 4 3 24 6 3 36 9 3 18 5
3 9 3
A B B Ak k k k k
A k
  + ⎯⎯→  + ⎯⎯→  + ⎯⎯→  + ⎯⎯→  +
⎯⎯→  +
. 
The last entries are the same after 7 steps, therefore, 
( ) ( ) ( )3 9 3 7 3 32 6 3 32 7k k k     + + =    + =    + . 
Here are some consecutive triples with equal index: 
    
k 
N   
                   5                       6                        7 ... 
 1      7781;  7782;  7783    23,333;  23,334;  23,335 69,989;  69,990;  69,991 ... 
12 93,317;  93,318;  93,319 279,941;  279,942;  279,943 839,813;  839,814;  839,815 ... 
 
5 .  Sequence of five consecutive numbers with equal indexes. 
Proposition 5.1  For any ( ) ( )1,2,3,...     16 4 16 3k k k = + = + . 
Proof.      
16 4 24 6 36 9 18 5 9 3
16 3 8 2 12 3 6 2 9 3
B B A A
A B A B
k k k k k
k k k k k
+ ⎯⎯→ + ⎯⎯→ + ⎯⎯→ + ⎯⎯→ +
+ ⎯⎯→ + ⎯⎯→ + ⎯⎯→ + ⎯⎯→ +
 
The last entries are the same in 6 steps, so the statement is proved. 
Proposition 5.2  ( ) ( ) ( ) ( )3 9 2 3 9 3       1,3,5,...   2 4  0,1,2,...k k if k is odd k or k n n  + =  + = = + = . 
Proof.   Case 1.  If 2 1k n odd= + = , then 
( )( ) ( )2 1 1 2 33 9 1 3 1 3 1 3 3 3 1 4  n p p p p odd number+ − − − + = + = + − + − + =  , so 
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( ) ( )3 9 2 4  1,     3 9 3 4  2k kodd number and odd number + =  +  + =  + .  The conclusion follows from the 
Proposition 4.1. 
Case 2.  If 2 4k n= + , then ( )( )2 4 1 1 23 9 1 81 1 81 1 81 81 81 81 1n n n n n+ + − − − = − = − + + + + +  
is divisible by 16.  Therefore, 3 9 2 16 3    3 9 3 16 4k kp and p + = +  + = + , and conclusion follows from the 
Proposition 5.1. 
Proposition 5.3.  
( ) ( ) ( ) ( )3 32 4 3 32 5    1,3,5,   2 4 0,1,2,k k if k odd number k or k n n  + =  + = = = + = . 
Proof.  
1 2 2 2 23 32 4 3 16 6 3 8 9 3 4 5 3 2 3 3 2 ;B B A A Ak k k k k k+ + + + + + ⎯⎯→  + ⎯⎯→  + ⎯⎯→  + ⎯⎯→  + ⎯⎯→ +  
1 1 23 32 5 3 16 3 3 8 2 3 4 3 3 2 2 3 3A A B A Bk k k k k k+ + + + ⎯⎯→  + ⎯⎯→  + ⎯⎯→  + ⎯⎯→  + ⎯⎯→ +  . 
The last entries in both cases we get by 7 steps, and by the Proposition 5.2 those entries have the same index . 
Theorem 5.1.  Five consecutive natural numbers  
3 32 3,  3 32 4,  3 32 5,  3 32 6,   3 32 7k k k k kand +  +  +  +  +  have the same index if 
( ) ( ) 1,3,5,   2 4 0,1,2,k odd number k or k n n= = = + = . 
Proof.  This statement for the first two numbers we get by applying Proposition 5.1. 
For the last three numbers we have 
1 1 23 32 5 3 16 3 3 8 2 3 4 3 3 2 2 3 3A A B A Bk k k k k k+ + + + ⎯⎯→  + ⎯⎯→  + ⎯⎯→  + ⎯⎯→  + ⎯⎯→ + ; 
1 1 1 1 23 32 6 3 16 9 3 8 5 3 4 3 3 2 2 3 3B A A A Bk k k k k k+ + + + + + ⎯⎯→  + ⎯⎯→  + ⎯⎯→  + ⎯⎯→  + ⎯⎯→ + ; 
1 2 2 23 32 7 3 16 4 3 8 6 3 4 9 3 2 5 3 3A B B A Ak k k k k k+ + + + + ⎯⎯→  + ⎯⎯→  + ⎯⎯→  + ⎯⎯→  + ⎯⎯→ + . 
The last entries are the same, and we used 7 steps.  By applying Proposition 5.3, we have conclusion of Theorem 
5.1. 
Example 5.1  Here are some sequences of five consecutive numbers having same index 
 
   k                      Consecutive Numbers   Index 
   1                   99,   100,   101,   102,   103      25 
   3                 867,   868,   869,   870,   871      28 
   5                 7779,   7780,   7781,   7782,   7783      39 
   2                 291,   292,   293,   294,   295     117 
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   6                23331,   23332,   23333,   23334,   23335      82 
 15 459,165,027;  459,165,028;  459,165,029;  459,165,030;  459,165,031     134 
 
6 .  Reduction Formulas. 
Theorem 6.1.   For any natural number N, ( ) ( )22 3 2 3,p pm m  −  + =    + +  where 2,3,4, ;т =  and 
minimum value of  ( ) p p k  is given in the following table 
Table 6.1  
m 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 
k 2 2 6 3 5 7 12 4 14 6 11 8 8 13 13 5 
m 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 ... 
k 10 15 15 7 7 12 12 9 17 9 71 14 14 14 68 ... 
 
Proof.  We will show proof for the value m = 6.  For any other m we do by similar way. 
1 2 3 4
2 5
2 6 3 2 9 3 2 5 3 2 3 3 2 2
3 2 3;
B A A Ap p p p p
B p
− − − −
−
  + ⎯⎯→  + ⎯⎯→  + ⎯⎯→  + ⎯⎯→  +
⎯⎯→  +
                           
2 2 3 2 4 2 53 2 6 3 2 9 3 2 5 3 2 3B A Ap p p p− − − −  + ⎯⎯→  + ⎯⎯→  + ⎯⎯→  + . 
In both cases we came to the same number.  In the first case we used 7 steps, so 
( ) ( )2 52 6 = 3 2 3 +7p p  −  +    + , and in the second case we used 4 steps, so 
( ) ( )2 2 53 2 6 = 3 2 3 +4.p p − −   +    +   
Comparing last equalities, we get conclusion of Theorem 6.1 for m = 6 and 5p  =k. 
Now we will try to find longer list of consecutive natural numbers having equal indexes. 
In 5 we found formulas for 5 consecutive numbers with such property and power p=5.  Table 6.1 shows that 
we need to increase parameter p to get longer sequence . 
Example  6.1.  If p=6, we may find easy 6 numbers 
10 63 2 ,   m=2,3,4,5,6,7,m +  with equal index  41 = , but 
( )10 63 2 8 248.  + =  Using Theorem 6.1 and Example 6.1, we have 
 Theorem 6.2.  Six consecutive numbers 
10 6 23 2 ,   where m=2,3,4,5,6,7k k m− + +  and k is any fixed number 
from the set  1,2,3,4,5,6,7,8,9,10 ,  have the same index. 
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By the other hand, if power of 2 becomes bigger, we may get longer list of consecutive numbers with equal 
index.  For example, if p=12, we have 17 consecutive numbers 
7 123 2 ,   where  m=2,3,...,18  and  =150.m  +  If p=14, we obtain 24 consecutive numbers 
6 143 2 ,   where  m=2,3,...,25  and  =153.m  +  By increasing parameter p, we receive  
Theorem 6.3.  26 consecutive natural numbers  
5 16 23 2 ,   where m=2,3,...,27  and kk k m− + +  
is any fixed number from the set  0,1,2,3,4,5 ,  have the same index 156 3 .k = +  
In this article we don't have a goal to find the longest sequence of numbers having the same index.  But reader 
may find such a formulas by increasing parameter p. 
7 .  Reduction Theorems.   
We consider now the way to prove that any natural number is convergent.  In 3 we 
mentioned that we need to prove this statement for the numbers multiple of four. 
We separate all natural numbers by two groups: 
group 1:  ( )2 4 1nN k=  + ;   group 2:  ( ) ( )2 4 3 ;    , 0,1,2,...nN k n k=  + = . 
Lemma 7.1.  
 even, if n is odd3 1
is odd, if n is even2
n is+


. 
We recognize that because 3 1n +  is divisible by 4 if n is odd,  and 3 1n +  is divisible by 2 but not by 4 if n is 
even. 
Theorem 7.1.  If n is even, 2n  , then for the numbers from group 1,  
( ) ( )12 4 1 2 4 1 1.n nk k  −   + = + +     
Proof.  Using lemma 7.1, we obtain 
( ) ( )
( ) ( )
1
1
1 1 1
3 1 3 3
2 4 1 3 4 1 3 2 3 ;
2 4
3 1 3 3
2 4 1 3 4 1 3 2 3 .
2 4
n
n
n n
B A An n n n
n n
B A Bn n n n
k k k k
k k k k
−
−
− − −
+ +
+ ⎯⎯→ + ⎯⎯→  + ⎯⎯→  +
+ +
+ ⎯⎯⎯→ + ⎯⎯→  + ⎯⎯→  +
 
We see that ( ) ( )
3 3
2 4 1 3 2
4
n
n nk k n 
 +
 + =  + + +  
 
,  and  
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( ) ( )1
3 3
2 4 1 3 1 ,
4
n
n nk k n −
 +
 + =  + + +  
 
 which gives the proof of the Theorem 7.1. 
Theorem 7.1 shows that 50% of numbers from group 1 are possible to reduce to twice smaller numbers with 
index lower by one.  Table 7.1 gives list of such "good numbers" 
     k 
n 
  0 1 2 3 4 5 6 7 8 9 10 ... 
2 4 20 36 52 68 84 100 116 132 148 164 ... 
4 16 80 144 208 272 336 400 464 528 592 656 ... 
6 64 320 576 832 1088 1344 1600 1856 2112 2368 2624 ... 
8 256 1280 2304 3328 4352 5376 6400 7424 8448 9472 10,496 ... 
...             
  
Theorem 7.2.  If n is odd (n=1,3,5,...), then for the numbers from group 2,  
( ) ( )12 4 3 2 4 3 1.n nk k  −   + = + +     
Proof.  ( ) ( )
1 13 1 3 3
2 4 3 3 4 3 3 2 3 ;
2 4
n
n n
B A An n n nk k k k
+ ++ +
+ ⎯⎯→ + ⎯⎯→  + ⎯⎯→  +  
( ) ( )
1
1
1 1 1 3 1 3 32 4 3 3 4 3 3 2 3 .
2 4
n
n n
B A Bn n n nk k k k
−
+
− − − + ++ ⎯⎯⎯→ + ⎯⎯→  + ⎯⎯→  +  
The last entries are the same, and ( ) ( )
13 3
2 4 3 3 2 ,
4
n
n nk k n 
+ +
 + =  + + +  
 
 whereas 
( ) ( )
1
1 3 32 4 3 3 1 ,
4
n
n nk k n 
+
−  + + =  + + +  
 
 and we get a proof of Theorem 7.2. 
Table 7.2 gives some numbers from group 2 that is possible to reduce to twice lower 
numbers 
    k 
n 
0 1 2 3 4 5 6 7 8 9 10 ... 
3 24 56 88 120 152 184 216 248 280 312 344 ... 
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5 96 224 352 480 608 736 864 992 1120 1248 1376 ... 
7 348 896 1408 1920 2432 2944 3456 3968 4480 4992 5504 ... 
...             
 
Now we distribute all natural numbers that are multiple of 4 in columns with 3 numbers 
in each column and try to drop (take in frame) those which are possible to reduce to lower numbers using 
Theorems 7.1 and 7.2. 
4   16    28   40  52   64    76   88   100   112  ...
 8   20    32   44  56   68   80    92   104   116  ...
12  24    36   48  60    72   84   96   108   120  ...
 
Proposition 7.1.  For any k=0,1,2,3,...  ( ) ( )32 12 27 11 8k k + = + + ,  and   
( ) ( )36 32 32 28 5.k k + = + −  
Proof.  
2
32 12 72 27 36 14 54 21 27 11;B A B Ak k k k k+ ⎯⎯→ + ⎯⎯→ + ⎯⎯→ + ⎯⎯→ +  
             
1 1 1
36 32 72 63 48 42 32 28.A B Bk k k k
− − −
+ ⎯⎯→ + ⎯⎯→ + ⎯⎯→ +  
Using properties of indexes for the elementary operations, we get conclusions of Proposition 7.1. 
Now we may drop more numbers (add frames) in above table, which are possible to reduce to lower numbers 
using Proposition 7.1.  Moreover, we may drop all numbers 
in the bottom line 3, because they are divisible by three, and operation 
1B− reduce such  
numbers to the lower numbers. 
By finding more other reduction formulas similarly like we did in Proposition 7.1, we 
could try to show that any number in above table can be reduce to lower number. 
In this article we will demonstrate another method to prove that any natural number  
is convergent. 
8 .   Fundamental Theorem. 
For each natural number N we will construct the sequence of increasing numbers (not consecutive) having same 
index as the original number N. 
Proposition 8.1. For the numbers from group 1, ( )2 4 1   when n=even (n=2,4,6,...),nN k= +  
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and for the numbers from group 2,  ( )2 4 3  when n=odd (n=1,3,5,...),nN k= + we have 
( ) ( )6 3 .N N = −  
Proof. ( ) ( ) ( )16 3 6 2  number 3 3 2  1 3 2  numberA An n nN odd odd number odd−− =   − ⎯⎯→   − ⎯⎯→    
( ) ( ) ( )
1
2  number ,  so 6 3 1 1 2.B n odd N N N 
−
⎯⎯→  = − = + + −  
Proposition 8.2.  For the odd number ( ) ( )4 3,   k=0,1,2,...,  6 1 .N k N N = + = −  
Proof.  ( )
1
6 1 6 4 3 1 24 17 12 9 6 5 3 3 2 2A A A BN k k k k k k
−
− = + − = + ⎯⎯→ + ⎯⎯→ + ⎯⎯→ + ⎯⎯→ + , 
so  ( ) ( )6 1 2 2 1 1 1 2;N k − = + + + + −   and  ( ) ( )4 3 2 2,   2 2 1.AN k k N k = + ⎯⎯→ + = + +  
Comparing right sides, we get desired conclusion. 
 Proposition 8.3.  ( ) ( ) 22  number 1 2  number 1 2 ,   p 2p p podd odd  −    + =  + +     , 
( )odd number 3,5,7,...= . 
Proof.  The number in the left side  ( ) ( )
2 22  number 1 2  number 1;
pAp odd odd
−
 + ⎯⎯⎯→  +  
the number in the right side  ( ) ( )
22 2 02  number 1 2 2  number 1 2 ,
pAp podd odd
−− + + ⎯⎯⎯→  + +  
and by the Proposition 4.1,  ( ) ( )4  number 1 4  number 2 .odd odd  + =  +        
Corollary.  If p is an even number, then 
( ) ( ) 2 4 22  number 1 2  number 1 2 2 ... 2 1p p p podd odd  − −    + =  + + + + + +    ; and 
if  p is an odd number, then 
( ) ( ) 2 4 32  number 1 2  number 1 2 2 ... 2 2 .p p p podd odd  − −    + =  + + + + + +     
Proof.  The right side in Proposition 8.3   
( ) ( ) 2 22  number 1 2 2 4  number 1 1 ,p p podd odd − − + + = + +     and by applying  
Proposition 8.3 again, we get ( ) 2 42  number 1 2 2p p podd − − + + +  , and continue by induction, we get 
desire conclusion. 
Definition.  Define the following operations: 
 ( ) ( ) ( ) ( ) 26 3,   6 1,   2  1 2  1 2p p pP N N Q N N R odd number odd number − = − = − + = + +  . 
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Now we will use those operations to construct for the natural number N corresponding sequence of increasing 
numbers having the same index. 
 
Example 8.1.  For N=20, using operations A, B, we get the sequence 
20 30 45 23 12 18 27 14 21 11 6B B A A B B A B A A⎯⎯→ ⎯⎯→ ⎯⎯→ ⎯⎯→ ⎯⎯→ ⎯⎯→ ⎯⎯→ ⎯⎯→ ⎯⎯→ ⎯⎯→  
9 5 3 2B A A A⎯⎯→ ⎯⎯→ ⎯⎯→ ⎯⎯→ .   
But using operations , ,   ,P Q and R we get the sequence 
( ) ( ) ( )
32 6 820 117 2 29 1 118 705 2 11 1 726 4353 2 17 1P R P R P⎯⎯→  + ⎯⎯→ ⎯⎯→  + ⎯⎯→ ⎯⎯→  +  
( ) ( )
4 5 711 154438 26,625 2 13 1 27,307 163,841 2 5 1 174,763R P R Q R⎯⎯→ ⎯⎯→  + ⎯⎯→ ⎯⎯→  + ⎯⎯→  
( )201,048,577 2 1 .Q⎯⎯→ +  
Let us analyze increasing numbers in this sequence.  According to Propositions 8.1, 8.2, and 8.3, all those 
numbers have the same index.  The last number 
202 1+  has index 20 = , because  
2020 02 1 2 1 2A+ ⎯⎯→ + =
.  Obviously, the number 
202 1+  is the greatest natural number having index 20.  Further increasing this number 
changes index, 
1820 20 18 18 02 1 1 2 1 1 2 2 5 1 2 5 1 6R A + ⎯⎯→  + + =  + ⎯⎯→  + = , therefore, 
( ) ( )20 182 1 2 18 6 18 5 23. + + = + = + =   That's why in Proposition 8.3,  (odd number) should be greater 
than 1. 
Now we consider increasing numbers in our sequence: 
2
6
8
11
15
20
2 0
6 0
8 0
11 0
15 0
20 0
117 2 29 1 2 29 1 30;
705 2 11 1 2 11 1 12;
4353 2 17 1 2 17 1 18;
26,625 2 13 1 2 13 1 14;
163,841 2 5 1 2 5 1 6;
1,048,577 2 1 2 1 2.
A
A
A
A
A
A
=  + ⎯⎯→  + =
=  + ⎯⎯→  + =
=  + ⎯⎯→  + =
=  + ⎯⎯→  + =
=  + ⎯⎯→  + =
= + ⎯⎯→ + =
 
We may see that numbers 30, 12, 18, 14, 6, 2 are the same even numbers in regular convergent sequence 
corresponding  N=20.  Therefore, we have relation between two convergent sequences.  New constructed 
sequence satisfy the following properties: 
a) sequence is increasing and bounded, 
b) all numbers in the sequence have the same index, 
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c) the last (biggest) number in the sequence equals 2 1
n + , where ( )n N= . 
Example 8.2.  For N=40 we have the sequence 
( ) ( )
23 540 239 1433 2 179 1 1435 8609 2 269 1 8619Q Q R Q R⎯⎯→ ⎯⎯→  + ⎯⎯→ ⎯⎯→  + ⎯⎯→  
( ) ( )
4 79 1451,713 2 101 1 51,883 311,297 2 19 1 316,758Q R Q R⎯⎯→  + ⎯⎯→ ⎯⎯→  + ⎯⎯→  
( ) ( )
8 1016 201,900,545 2 29 1 1,922,390 11,534,337 2 11 1 11,883,862P R P R⎯⎯→  + ⎯⎯→ ⎯⎯→  + ⎯⎯→
( ) ( )
1122 2571,303,169 2 17 1 72,701,270 436,207,617 2 13 1P R P⎯⎯→  + ⎯⎯→ ⎯⎯→  +  
( )
12 1429447,392,427 2,684,354,561 2 5 1 2,863,311,531 17,179,869,185R Q R Q⎯⎯→ ⎯⎯→  + ⎯⎯→ ⎯⎯→
342 1.= +   Therefore, ( )40 34 = . 
Collecting information in 8 , we may write 
Theorem 8.1 (Fundamental).  For any natural number  N > 2, we may construct the sequence  using operations 
P, Q, R, which satisfy the following conditions: 
a) sequence is increasing and bounded, 
b) all numbers in the sequence have the same index, 
c) the biggest number in the sequence is 2 1
n + , where ( )n N= .  
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